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$\chi_{i}$ mod $q$ Dirichlet $H_{j}(x)$
$f_{j}(n)=$
$m_{1}m_{2} \ldots m_{\mathrm{j}-}\sum_{|1n}$


















(4) $G(s)=L(s, \chi_{1})L(S, \chi 2)\ldots L(_{S}, x_{j})$
Dirichlet $\mathrm{L}-$ $j$
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2. –
:
(5) $\zeta_{k}(S_{1}, \ldots, s_{k})=0<n_{1}<\sum_{n<k}\ldots\frac{1}{n_{1}^{s_{1}SS}n_{2}\ldots n_{k}2k}$
$s_{i}(i=1,2, \ldots, k)$ $\Re(s_{i})\geq 1(i=1,2, \ldots, k-1)$
$\Re(s_{k})>1$
$\zeta_{k}(a_{1}, \ldots, a_{k})$ ( $a_{i},$ $(i=1,$ $\ldots,$ $k)$ ) Euler ,
Zagier
[15], [16], [3] (5) J. Zhao [17]
S. Egami, Y. Tanigawa, S. Akiyama [1] 3
Euler-Maclaurin
\mbox{\boldmath $\zeta$}(ml, . . . , $m_{k}$ ) ( $m_{i}(i=1,$ $\ldots,$ $k)$ )
(5) – $\beta_{i}(i=1,2, \cdots, q)$ $[0,1)$
$\chi_{i}(i=1,2, \ldots, k)$ $\mathrm{m}\mathrm{o}\mathrm{d} q$ $(q\geq 2)$ Dirichlet
(6) 6(si $|\beta_{i}$ ) $= \sum_{0<n_{1}<\cdot\cdot<nk}.\frac{1}{(n_{1}+\beta_{1})^{S}1(n_{2}+\beta_{2})^{S}2(n_{k}+\beta_{k})^{s}k}\ldots$




$L_{j}(s)$ (7) $k=j$ $\mathrm{i}$ $s_{1},$ $s_{2\cdots \mathrm{j}},s$
$s_{1}=s_{2}=\ldots=s_{j}$ $s$
Remark 2. (7) $\mathrm{L}$ T. Arakawa
M. Kaneko (5) –
$ML(s_{1}, \ldots, s_{k})=$
(8) $\sum_{n_{1}=1}^{\infty}\sum_{n_{2}=1}\cdots\sum\frac{\chi_{1}(n_{1})}{n_{1}^{s_{1}}}\frac{\chi 2(n_{2})}{(n_{1}+n_{2})^{\epsilon_{2}}}\infty n_{k}=1\infty\ldots\frac{\chi_{k}.(n_{k})}{(n_{1}+\cdot\cdot+n_{k})^{\mathit{8}_{k}}}$
$\mathrm{L}$
Remark 3. K.Matsumoto [13] :
$\zeta_{k}$ ( $v_{1},$ $\ldots,$ $v_{k1}$ $\alpha_{1},$ $\ldots,$ $\alpha_{k}$ ; $w_{1},$ $\ldots$ ) $w_{k})$
$=$ $m_{1}= \sum_{\mathrm{o}}^{\infty}\sum_{m_{2}=0}^{\infty}\cdots\sum_{m_{k}=0}^{\infty}(m_{11}w+\alpha_{1})^{-v_{1}}-(m_{1}w_{1}+m_{2}w_{2}+\alpha_{2})^{-v_{2}}$
(9) $\cross\cdots\cross(m_{1}w_{1}+m_{2}w2+\cdots+mkw_{k}+\alpha_{k})^{-v_{k}}$
$v_{1},$ $\ldots,$ $v_{k},$ $w_{1},$ $\ldots,$




K. Matsumoto $w_{i}$ (9)
$w_{i}$
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$F_{j,k}=\{x\in F_{j} | x\leq k\}$
Theorem 1. $L_{j}(s)$ ${}^{t}poSSib\iota e$ ’pole $F_{j,1}$
$-$ \mbox{\boldmath $\chi$}i




Theorem 2. $\chi_{1}$ $\chi_{2}$ primitive $x1x2\neq\chi 0$
$L_{2}(s)\{$
if $x1x2(-1)=1$
poles $\frac{1}{2},$ $- \frac{1}{2},$ $- \frac{3}{2}\ldots$ if $\chi_{1}\chi 2(-1)=-1$











$F(x)$ $k$ Riesz mean $0$
(10)
Theorem 3. $\epsilon>0$










1. $L_{j}(s)$ ‘possible’ pole $\chi_{i}$ \mbox{\boldmath $\chi$}o
$\mathit{0}<\Re_{S}$ possible pole
$\frac{1}{2}$ $\frac{1}{3}$ $\frac{1}{4}$ , .. ., $\frac{1}{j}$
Theorem 1
2. ‘possible’ pole –
Theorem 1 1






Theorem 2 Theorem 2 $H_{j}(x)$























$H_{2}(x)= \sum_{n1<n_{2}}\chi 1(n_{1})x2(n_{2})n1n2\leq x$
$H_{2}^{\chi 1x}’ 2(x)$
Proposition 2. : $\chi_{1},$ $\chi_{2}$ primiiive, $x1x2\neq\chi 0$







$\chi_{1}(n1)x_{2}(n2)=l\leq\sum_{x}\chi_{1}\chi 2(l)+H_{2}^{\chi_{1}}’ x2(x)+H_{2}\chi 2,\chi_{1}(_{X)}1/2$
$nln\mathit{2}\leq x$
– $<<1$ $H_{2}^{\chi 1\chi_{2}}’(x)$





$H_{j}(x)$ $(3\leq j)$ (10) ?
$H_{3}(x)$ $=$ $\frac{A_{\chi_{2},\chi 3}(1)}{q}L(1/2, \chi 1)x^{1/}2+\frac{A_{\chi_{1},\chi 2\chi_{3}}(1,1)}{q},x^{1/}3$
$- \frac{A_{\chi_{2},\chi \mathrm{s}}(1)}{q}(\sum_{x^{1/}\leq n}^{\infty}s1\frac{\chi 1(n_{1})}{n_{1}^{1/2}}+1\sum_{n<x}\iota/s\chi_{1}(n1)n_{1})$
$+E_{3,1}(x)+E_{3,2}+Oq(1)$
$A_{\chi_{1},\chi_{2,\chi_{3}}}(1,1)= \sum_{a_{1}=1}^{q-}1a_{2}1q-\sum_{=a_{3}=1}^{1}\sum x1(a1)x2(a_{2})x_{3}(a_{3})\tilde{B}_{1}(q-1\frac{a_{1}-a_{2}}{q})\tilde{B}_{1}(\frac{a_{2}-a_{3}}{q})$
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